
nesday,
Sep 17 ,

Lecture P : Inner products .

Last timee...

·NuxwatrixMisynalizable
ifhea

M = SDStlor : RYDR)
where D is diagonal

· From perspective of linear operators : T : V + V

is diagonalizable if there is a basis Being : [V
, ....,
in3

of eigenvectors of Ti

Tv = Xiv ;

· The change-of-basis matrix S from Boside , , . .

., en]

to Ben = If, , .
.

.,
fu3 is

S = [bie ...er]
·
Take a lineer map

T : V +V If [TJor is the matrix
&

of T in the old basis Bold
,

[T]ew : STiJisSt
5-

Bat Ber
[T]a d ↓ [T]e

Bot Bren



Let's revisitor example from last time ,

Ex : T : RP-RP is the linear
map

Thx
,y) = (x +y ,

x +y)

Bo+= Ye ,
: (1

,
02

, e : 10
, 13]

Beig : Ef ,
= (1 ,

1) , f = (l : -1)]

Then S which takes Bot -Being is

=E (ii)
and st (which takes Beig+Bst) is

s = ( , i)

Scheck : SS" : SS = (d) ·L

Then

[T]eig
: <[T]

+
St

= (ii)(ii) (ii)
: (3)



&ration : (Diagonalizable matrices and linear operators
Linear map

=)
nxn

matrix [T]org in
any

basis Boring
TiV +V is tingenalizable :

diagonalizable [T] orig : SITeig SY
diagonal"

· Remember
,

if BeigEv , ....
un] is an eigenbasis ,

i
.

e.

Tv = divi ii, .....n ,

This is the same as

[ileig : [""xn]
· The change-of-basis goes

So Beig-Borig
S
-

And the us of Sare Legenvestors v; of T (is orig , basis)

I ]S : [Enorg ... Trelorig

Related : see problem 4 HW4.
&

Warning : not every
matrix is diagonalizable

,

E.g . J
Here

, v
.

= [b] is an eignrestor,I'oi but there are no other linearly
intep eigen westers :

if y + 0
,

there

K
is no suchthat

[i] [i] : [ *gy) x = x(x+y
y = Xy



· A big question : when are linear waps diagonalizable?
· Another :

in physics and in life we have notions of

↓egth and agle .

Where is it now ?

· The

answerstobothleinertspaces ,eis

Everprotis of lengthond angle.
Ex : V= RC

.

We have fot product : if ve ()
,

v :/,
(v

,
w) = V . w = v

,

W
,

+ -We t ...Vwn

= IlVII IIwIl cost
↑ ↑

egth angle ,
=-[VV]

#W : V = ((50 ,1)
,

continuous functio
,

<,w = f'vewibx vector space
G

#betspace : t

Def : Inner product (a) ()
inner product

(complex)
Let V be a real rector space .

Let aeR ,
ViweV .

Then an inver product <
,
2 : VxV-R (VAV, 4) must satisfy :

& (Positive definite) <V
,
VEO

,
and if (,= 0 then= 0

.

② (linearity in sect coup) <v
,
awtu) = a (v

,
w + (v

,
n)

.

& Symmetric) [V ,
w=(w

,
v) ( <VW :Fr(



Def: Orthonormal

# set of vectors [V , , . .

.,
Vn] is called ofhegoinight

[Vi , Vj) =0 itj
angles

"

andhonormal if they also satisfy n
VIIvilk = ( Vi , Vil = 1

: & all have same

Ex : length
-

·Standard tasis (d)
,

(i) of R (or)

· The basis (i)
,
(i) is orthogonal :

) (i) ,
(

_i)) =
1 1 + 1 (- 1) = 0

But not orthonormal ,
since IIIIIII : E

.

This is easily fixed :

=I always has more I
,

since I11 = Ill:
= Eli), (i) is an

ethonormal basis

(More generally : the Gram-Schmidt algoritha) .



· One reason
orthonormal bases lond") are so nice :

calculating coordinates is much easier

Ex :

-

· Not an ond : v: (d)
,

v : (i)
Va

To find coordinates for w
,

need to solve

· w = a
,

V
,

+ 9,
-Y

a
,
V

, V
,

This is geometrically annoying ,

and

algebraically requires you
to solve a

system of equations .

·
016 : v= (6)

,
ve : (i)

↳ W= <V
, ,

W >V
,

+ <Va
,
W >Va

Geometricallyclear and

[V
,

w-V, algebraically easy.



why it works:
/

if Bas : Ev, ...,
Un] is orthenormal and weV ,

then
W = W

,

V
,

+ WyVz + ...Win

Pick a basis rector v.. .

Then

<Vi,) = <Vi ,WV ,
+ West ...

+ W
-
V

= w
,

< Vi ,

v
,

) + Wa <Vi ,
Va) +...+Wi(V;,Vi) +

- ..
+ Wh[Vi ,Val

= Wi

Thus wehave ecordinates :

w = < V
,
W3V

,

+... + <Vi ,>Vi +... +T
,
WYV

,

-
-

LV,
w]

or

Enjo :

[Y
,

w]

↑ I i I<,w)

Remember ,
if Il vill = 1,

this is theetap
:

w

--Spani



*my basis may
be converted to an or the normal one

EV, , ..., Vn]
E

, , . ..,]

by the
Gremtalgorithm

stretEx:
Convert vil ! )

,
vil) into on ond.

(i)
· Normalize :

fli = ) ! )

=
(i)

Va
· Remove overlap :

1

# v =V
= ( ? )-z (i)

· Ve
prosy , = (E)=til

Normalize :

=)
Check :

(V, )
=(1 . 1 + ( 1) .

1) = 2

Land IN ,
Kell = 1

.



OthogonalProjections

where orthogonality really
Shines : Suppose we

have a subspace =V
and a point veU .

vV How can
we find the

ven closest pointEU ?/ · really need orthogonality↑ here !

-&
Suppose Su , ,

.
.

..
"m

,
"my .....

Wn] is an onl

of V and Su, .... "m] is an
out of U.

Then

V =< ,
v> U

,

+
. ..

+ <m
.
vUm + <Wm , Wax, t -

- -

+ (Wh
,
v W

--

projection onto U projection on to Ut

j
=
Pv + PVU
- orthogonal complement

7

Y ut "U-perp"

y#



Many applications ! Projections give best approximations
in lower dimensional spaces

Ex : Hw4 ,
Problem S

-

"Find the degree 2 polynomial
which best

approximates* coslatte) on 50 , 17
"

* this notion depends on <,h .

Det:OrthogoProjection with inter protect (ii) ,

and letU be a subspace at V.

The of theyanaprojection P :V,
V is the linear map satisfying

Dran(P) :U (P projects onto US

②P2 = P IP acts as identity on U : if well
,
Pu =u)

,

s

③ <Pv ,
w) =<v

,
Pw) for all v

,
weV

.

(P is self-adjoint)
& Two special casesof

,

to be discussed :

· P = pT (real restor spaces)
· P = pt (complex vector spaces)


